In what follows, R stands always for a ring with unity, ^f for the set of all left ideals of R and Mod R for the category of all (unital) left i?-modules and i?-homomorphisms. Given L e Jzf and pe R, L: p denotes the (right) ideal-quotient of L by p, i.e., the left ideal of all χ e R such that χp e L. We shall call a subset St~ of Jέ? a Q-set if it is closed with respect to this operation, i.e., if KeSΓ and peR implies K: pe JsΓ; obviously, £f and {R} are the greatest and the least Q-sets, respectively.
Thus, a topologizing idempotent filter (briefly, a T-set) of left ideals of P. Gabriel [4] is a Q-set 3ίΓ satisfying, in addition to the filter properties, also the following "radical" condition: If L is a left ideal of R such that L: tc e 3tΓ for every element it of Ke JsΓ, then Le5ίΓ, as well.
By a torsion T in Mod R we shall always understand a hereditary torsion; thus, a torsion T in Mod R is a full subcategory of Mod R such that (a) T is closed under taking submodules, (b) for every M e Mod R, there is the greatest submodule (the Γ-torsion part) T(M) of M belonging to T and As a consequence, every torsion in Mod R is closed under taking quotients, direct sums and inductive limits. There is a one-to-one correspondence between the torsions in Mod R and the T-sets of left ideals of R:
If JT" is a T-set, then the class T(3Γ) of all ^-modules whose elements have orders from 3ίΓ is a torsion in Modi?; on the other hand, if T is a torsion in Modi?, then the Γ-set 3Γ(T) = {L\LeSf and R mod Le T)
Given an i2-module M, let us always denote the Γ-torsion part of it by T{M).
Thus, given a torsion T, we can define the following two-sided ideals I τ and J T 1Ξ±I T of R:
iτ= n L LeJf(T) and
J T \I T = T(R/I T ) .
Using this notation, we can prove easily PROPOSITION 
The following four statements are equivalent: ( i ) A torsion T in Mod R is closed under taking direct products.
(ii) For every subset £f of
Proof. The equivalence of (ii), (iii), and (iv) is trivial. Also the implication (ii) -• (i) follows easily; for, the order of an element of a direct product is evidently the intersection of the orders of its components. Finally, in order to show that (i) -> (iv), we consider the monogenic submodule of the direct product Π RmodL generated by the element whose components are generators of R mod L; it is obviously ϋMsomorphic to R/I τ . PROPOSITION Proof. Given an ideal J Φ R, consider the (nonempty) set of all principal left ideals which are not contained in J; take a minimal element K of this set, K G K\J and apply Proposition 2. REMARK 1. We can see easily that if R satisfies the minimum condition on principal left ideals, then every ϋ?-module M has a nonzero socle; the latter property is, in turn, obviously equivalent to either of the following two statements:
( i ) Every monogenic ίί-module has a nonzero socle.
(ii) For every proper left ideal L of iϋ, there is peR\L such that L: p Φ R is maximal in R.
Before we proceed to establish the characterization of perfect rings, left us introduced the following convenient notation and terminology. Denote by <W~ S -Sf the Q-set of all maximal left ideals of R (R itself including). Obviously, for every WeW~, W Φ R, the subset {W:p\peR} is a minimal Q-set contained in 5^~. Denoting by W~ω, ωeΩ, all such (distinct) minimal Q-sets, it is easy to see that Proof. In order to complete the proof we need only to show that every torsion T in Modiί contained in T(^*) is fundamental. But this follows from the fact that the T-set 3ίΓ{T)^<W* is evidently -equivalent to 3tΓ(T) Π Ύ/^ and since 3Γ(T) Π Ύ/^ -2^0 for a suitable Ω Q^Ω , we have, in view of the fact that there is unique Tset ~-equivalent to Ύ^Ω,, as required. REMARK 2. We can see easily that the assertion that every torsion in Mod R is fundamental is equivalent to the assertion that 5^~* = £?, which in turn is equivalent to any of the statements of the previous Remark 1 (for, In order to prove our theorem, it is sufficient to show that the socle of i?/Rad R is the whole quotient ring i?/Rad R; for, i?/Rad R is a ring with unity. First, observe that, in view of the fact that Rad R e W *, the socle of jβ/Rad R is essential in iϋ/Rad R in the sense that it intersect every nonzero left ideal of i?/Rad R nontrivially. Write S/Rad R = Socle (Λ/Rad R) with the two-sided ideal S^RadR of R and assume The proof of the theorem is completed. Now, the main result of the present paper, namely the characterization of perfect rings, follows straight forward from Theorem A, Remarks 1 and 2, Theorem B and the fact that a (right) perfect rings can be characterized as a ring 22 with unity such that every (left) 22-module has a nonzero socle and that 22/Rad22 is artinian (H. Bass [2] ): 
A ring R is right perfect if and only if all torsions in Mod R are fundamental and are closed under taking direct products.
In conclusion, let us remark that the above characterization cannot be strengthened, even if we take into account the additional condition that there is a finite number of fundamental torsions in Mod R (the fact which is a consequence of our characterization). To show this, we present the following two examples of rings (which can easily be generalized): EXAMPLE 1. Let N be the set of all natural numbers, F a field. Denote by R t = ir^^o, F) the ring of all countable "bounded" matrices over F, i.e., the ring of all functions f:Nx N->F satisfying the condition that there is a natural number n f such that Proof. In order to ease the technical difficulties of the proof, observe first that having a well-ordered subset S of Q + with no finite limit point, we can consider the subsemigroup S of Q + generated by S: S is again well-ordered and has no finite limit point. Hence, we may consider, for a moment, that our function / is defined on a wellordered subsemigroup S of Q + with no limit point and try to find g defined on the same set S, i.e., with Sup^gS. Write S = {ri}Γ=o with 0 = r 0 < r x < r 2 < .. < r n < .
Let us proceed by induction: Denoting by g x the function defined by It is also easy to see that there are no divisors of zero injiZ/and that 
